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ABSTRACT 

Expressions  are  stated  for  the  transmissibility  and  for  the  driving- 
point  impedance  of  an  internally  damped  circular  plate  of  radius  with 
a  clamped  boundary  that  is  driven  by  a  vibratory  point  force  at  an  arbitrary 
distance  ua  from  the  plate  center.  Expressions  are  also  stated  for  the 
plate  transmissibility  and  driving-point  impedance  when  the  plate  is  loaded 
at  the  arbitrary  driving  point  either  by  a  lumped  mass,  by  a  dynamic  vibra¬ 
tion  absorber--or ,  simultaneously  by  a  lumped  mass  and  a  dynamic  absorber. 

In  all  cases,  representative  calculations  of  transmissibility  and  impedance 
are  plotted  versus  the  square  root  of  frequency.  These  curves  clearly  show 
the  dependence  of  transmissibility  and  impedance  on  the  plate  damping  factor, 
the  value  of  the  parameter  p,  and  the  e.xtent  of  the  mass  loading.  They  also 
show  the  effectiveness  of  the  dynamic  absorber,  which  varies  with  the  value 
assigned  to  y. 
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INTRODUCTION 

The  response  of  circular  plates  to  noncentral  forces  has  not  been  studied 
extensively  in  the  past.  The  deformation  of  circular  plates  statically  loaded 
off  center  has  been  discussed,  for  example,  in  Refs.  1-11.  The  response  of  a 
circular  plate  when  transiently  loaded  off  center  has  been  addressed  in  Ref.  12. 
The  response  of  circular  plates  to  noncentral  vibratory  forces  has  been  con¬ 
sidered  in  Refs.  13-17,  which  represent  a  relatively  small  number  of  articles 
as  compared  to  those  concerned  with  the  vibration  response  of  centrally  driven 
circular  plates. 

1.  SOLUTION  TO  run  TiiiN-ruvrn  equation 

The  solution  to  the  thin-plate  equation  yields  the  following  equation  for 
the  transverse  deflection  of  the  plate  in  its  kth  mode  of  vibration; 


/  (Aj^cos  kO  ♦  Bj^sin  kt3Ub|^J|^(n  rl  >  *  \^k^”  ^  ^k*^k*^'^  v'llo' 

k=0,l,2,... 


and,  when  the  origin  of  the  polar  coordinates  is  taken  as  the  radial  line  pass¬ 
ing  through  the  point  of  excitation  of  the  noncentral  force  Ibecause  a  solution 
is  required  that  is  symmetrical  with  respect  to  this  radial  linel  it  is  possible 
to  write 
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Here,  t  is  time  and  w  is  angular  frequency,  hereafter  known  simply  as  fre¬ 
quency.  S)'mbols  with  superior  tildes  denote  sinusoidally  varying  quantities, 
s>Tnbols  with  a  star  superscript  denote  complex  quantities.  The  ordinary  and 
modified  Bessel  functions  of  the  first  and  second  kinds  have  the  complex 

a.„ujnent  (n  rl  where  r  is  the  radius  of  the  arbitrary  point  to  wliich  the 

* 

noncentral  force  is  applied  (Fig.  1),  and  n  is  the  plate  wavenumber  given 
by  the  et^uation 

n*  -  ndl  -  (v^'l/il  -  v')(l  ♦  .  (3) 

where 

4  2  2  2 

n  =  u)“p(l  -  v‘)/r"h  i41 

'■'gw 

and 


II  -  (V  n  =  (E_ /G  1  11 

Lk)  U) 


(SI 


In  Eq.  (1),  Aj^  .and  are  arbitrary  real  constants,  and  I^.  Qj^.  R|^,  and 

*  * 

are  arbitrary  complex  constants,  whore  and  Sj^  are  zero  for  a  plate  ttiat  is 

* 

complete  to  the  center  bec.uise  and  exhibit  singularities  as  (n  r)  0. 

In  F.qs.  (.3)  -  (5),  p  is  the  density  of  tlu'  plate,  a  is  its  radius,  r^  is  tlie 

radius  of  gyration  of  its  cross  section,  and  v  is  its  complex  Poisson's 

*  * 

ratio;  E^  and  G^  are  the  complex  Young's  and  snear  moduli  of  the  plate  material, 

If  their  associated  damping  factors  are  equal,  as  can  realistically  be 
18  10  * 

assumed,  ’  '  then  v  =  v,  a  real  quantity.  Further,  if  it  is  assumed  that 

*  ♦  * 

the  frequency  dcpeiulence  of  and  Ci  and  their  associated  damping  factors  is 

1 8 

negligible  (damping  of  the  solid  type  or  hystcretic  damping  1 ,  then 


(n  a)  »  (na)/(l  +  =  (P  ♦  jq) 


(b) 


where 


ill. 


p,q  «  ♦  (na) 


(1  *  D^)  ^ 


2  2  /2 


(7) 


in  this  equation. 


>>E  ■  (I  •  4>'‘ 


m 


where  6^^  is  the  Young's  modulus  d;uiiping  factor. 

For  the  mode  of  order  k  it  is  possible  to  write  the  following; 

Plate  Slope 


3^  •  -  n  c»s  kO  (riPjE.,,  -  t\)  .  -  t\i  - 


♦  s,.  ,  -  T  K.  n,  *  e-’'^’^ 

K  (ii  r) 


(9) 


where  the  argument  of  the  Bessel  functions  is  (n*r) ,  a 


:ind 


T  =  k/(n  r) 


(10) 


Bending  Moinent/Unit  Arc  Length 


B^(r)  =  -  D  (n  )  cos  kO  {l\(V(K.l)  ' 


(kH)  ■  'kl  - 

•  (11) 


JU't 


where 


a  -  (1  -  r  )  , 


(12) 


U- 
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•  * 

r 


e  -  (1  ♦  r  ) 


(13) 


“  (1  -  v)/(n  r) 


(14) 


and 


r  =  k(k-l)4>^/(n  r) 


(IS) 


Shearing  ['orco/Unit  Arc  Length 


ke  -  t\)  •  Q^tv  -  t\i  .  .  T*IJ 


®k''^(k»n  ■  '^k'*(n'r) 


(16) 


Shearini’  Force/Unit  Arc  Length  at  the  Plate  Boundary 


DB 

[\(r)  -  ijJk  (r.OJI  =  -  n‘(n*)’cos  kO  {r'|(l  .  kT**^)J 


‘  <»'  •  ''^‘♦>(k.l)  - 


*  "klC  -  "  V'(k.l)  *  'k' 


-  s’[(l  -  kT*Jt*)K,.  ,,  -  T*a*K.  Il,  .  .  . 
k  (k+1)  k  (n  r) 

(17) 


where,  in  Eqs.  (11),  (16),  and  (17), 


*  *  2  2 

D  =  dE  r  /(I  -  V  ) 
(i)  g 


(18) 


in  which  d  is  the  plate  thickness  and  the  radius  of  gyration  r  =  d/2  /s  . 

s 


^jwt 
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Finally,  the  impressed  force/unit  arc  length  at  the  radius  r  =  b  =  pa  and 
angular  location  0  is  conveniently  represented  by  the  following  Fourier 
series : 


F(e) 


E 

I  T 


cos  kG 


(1^>) 


where  F  is  the  concentrated  (discrete)  impressed  force. 


II.  Force  Transmissibility  to  the  I’late  Boundary 

By  considering  the  plate  as  two  plates--3  central  plate  plus  a  surrounding 
annular  plate--that  are  joined  together  with  continuity  of  displacement,  slope, 
and  bending  moment  at  the  some  radius  r  =  b  =  pa  as  that  to  which  the  force  is 
applied,  and  by  considering  tiic  sum  of  the  shearing  force/unit  arc  length  around 
the  outer  perimeter  of  the  inner  circular  plate,  and  the  shearing  force/unit 
arc  length  .iround  the  inner  perimeter  of  the  outer  annular  plate,  to  be  equal 
to  the  force  specified  by  Eq.  (19),  by  equating  the  displacement  and  slope 
of  the  plate  to  tero  where  it  is  clamped  around  its  outer  boundary,  and  by 
writing  down  the  force  that  is  transmitted  to  the  outer  plate  boundary 
where  r  =  a,  then  it  is  possible  to  write  down  si.x  equatiu.is  for  the  six 
complex  constants  for  the  entire  plate  (two  for  the  inner  circular  plate 
and  four  for  the  oviter  annular  plate).  When  these  equations  are  solved  for, 
it  is  possible  to  write  down  the  following  expressioH  for  the  force  trans¬ 
missibility  to  the  plate  boundary: 


(NIIM.) 

(DEN.) 


CO) 


7 


(NUM.) 


(DEN.) 


where 


=  {((J,  -T  J  )(^  I,  -el  )  -  (0  J,  -aJ  )(I  ♦T  I  )  1[J,Y  (I  K  +K  I,) 

'■  lu  M  OU  ^  U  lU  ou"^  lu  op  ^  Ip  p  op-^  '  M  op^  o  1  o  I-* 

-  J,K  (Y  I,*-Y,I  )  +  Y.K  (J  )  +  I,J  (Y  K,-Y,K  )  -  I,Y  (J  K,-J,K  ) 

1  op^  olio  1  op^  olio  1  op*-  0  1  I  o'^  1  op^  olio 

♦  I.K  (J  Y,-J,Y  )  +  r.K  J  (Y,-T\'  )  ♦  K,Y  (J  )  -  I,Y  J  (K,-TK  )] 

1  op  olio  1  o  op'  1  o  1  op  o  1  1  o'^  1  o  op'  1  ■' 

♦  ((Y,  -T  Y  )(ili  I  -Gl  )-(>{)  Y,  -aY  )(I,  +TI  )J[-J,IJ  (K-TK)-J,KJ  (I,+T1) 

'Ip  p  op  '  p  Ip  op  '^p  Ip  op  '  Ip  p  op  '  1  o  op'  1  o  1  o  op  1  o 

-  I.K  J  (J,-TJ  )  -  K.I  .J  (J,-TJ  )  -  J  K.J  (I  +TI  )  +  J  I.J  (K,-TK  )] 

1  o  op'  1  O  1  0  op'  1  o^  o  1  op  1  o  o  1  op  1  o  •' 

♦  [(>1)  K,  >eK  JCI,  +T  I  )-(K,  -T  K  )  (4)  I,  -el  )](-J  J,(Y  I,+Y.I  )+J,„,Y.(J  I  +J,I  ) 

p  Ip  op  Ip  p  op  Ip  P  op  ^p  Ip  op  op  1  '  O  1  1  O'^  op  l'  o  1  1  o'^ 


♦  J  1, (J  Y  -J,Y  )  ) 
op  1  o  1  1  o 


■  Vo'ou‘'l 


I, I  (J  Y,-J,Y  )]},  *  , 
1  op  0  1  1  o  (n  a) 


(21) 


and 


op 


+  J  [(({i  K,  +eK  )(I,  +T  I  )  -  (K,  -T  K  )  (cj  I,  -cl  )] 
op  '  p  Ip  op  '  Ip  p  op  Ip  p  op  '  p  Ip  op  * 


♦  I  ((i}>  K,  ♦cK  )(J,  -T  J  )  -  (K,  -T  K  )C6  J  -ctJ  )] 
op  p  Ip  op-^ '  Ip  p  op  ^  Ip  p  op'^'^p  Ip  op  ^ 
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♦  (K  -T  K  )(J  I  ♦JI  )  {Y  l(J,  -T  J  )((t.  I  -el  )  -  J,  -oJ  )(I  *7  I  )  ] 

ly  U  oy  o  1  1  o  oy  ly  y  o  y  ly  oy  y  ly  oy  ly  y  oy  ' 


♦  J  [(ij.  Y  -aY  ♦?  I  )-(.(,  I,  -Cl  )(Y  -T  Y  )\ 

oy  y  ly  oy  ly  y  oy  y  ly  oy  ly  y  oy 


♦  I  1(4)  Y,  -nY  -T  J  )  -  (4)  >1,  -aJ  HY,  -T  Y  )]},*, 

oy  y  ly  oy  ly  y  oy  ^y  ly  oy  ly  y  oy  (n  a) 


-  (J,  -T  J  UJ  )  {-Y  ((4  K,  ♦eK  )(1,  >T  1  )  -  (K,  -T  K  )  (4)  1,  -cl  >1 

'  ly  y  oy  olio  oy  y  ly  oy  ly  y  oy  .y  y  oy  ^y  ly  oy 


♦  K  [(4)  Y,  -aY  )(I,  +T  I  1  -  (Y,  -T  Y  )  (4)  1,  -cl  )] 
oy  ^y  ly  oy  ly  y  oy  ly  y  oy  y  1  oy 


♦  I  1(4'  Y,  -aY  UK,  -T  K  )  -  (Y,  -T  Y  )  (4)  K,  +cK  I)},  *  , 
oy  y  ly  oy' ^  ly  y  oy'  ly  y  oy' ^^y  ly  oy  (n  a) 


♦  (1,  ♦?  I  )  (J  1, +J,  I  )  {Y  [(K,  -T  K  J,  -cuJ  )  -  (4)  K,  >eK  UJ,  -T  J  1  ] 

ly  y  oy  0  1  1  o  oy  ly  y  oy  y  ly  oy  y  ly  oy  ly  y  oy 


K  ((Y,  -T  Y  )(4'>I,  -ctJ  )  -  (4  Y,  -aY  1  (J,  -T  J  )  ] 
oy  ly  y  oy  y  ly  oy  ^^y  ly  oy  ly  y  oy 


J  [(4  Y,  -aY  KK,  -T  K  )  -  (Y,  -T  Y  )  (4)  K,  -t-cK  '»  1 )  *  , 

oy  y  ly  oy  ly  y  oy  ^  ly  y  oy  ^y  ly  oy  (n  nl 


(22) 


In  these  equations,  sucli  terms  as  J,  ,  I  ,  K, ,  and  Y  ,  etc.,  represent  the 

ly  oy  1  o’  ‘ 


Bessel  functions  +  ’ 

etc. ;  in 

addit ion , 

'N, 

T  =  T*  =  k/(n*a) 

(23) 

=  k/(yn  a) 

(24) 

a  =  a  , 

(25) 

- 

• 

e  «  e 

(26) 

1  and 

•  ■  - — 

—  - 
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=  (1  -  v)/(Mn  a)  .  (27) 

A  much  more  concise  expression  for  transmissibility  can  be  obtained  by 
the  principle  of  reciprocity  as  the  magnitude  of  the  displacement  of  the 
plate  at  the  radius  r  =  ua  divided  by  the  displacement  of  the  plate  boundary 
(r  =  a)  when  the  boundary  is  vibrated  sinusoidally.  The  simple  expression 
that  can  be  obtained  is  as  follows: 


Representative  calculations  of  transmissibility  T  are  plotted  in  Figs. 

2-6  for  values  of  y  =  0.2,  0.5,  0.75,  0.2548  and  0.379;  v  =  1/3,  and  6„  =  6^  = 

b  G 

0.01,  0.1,  and  1.0.  In  these  figures,  the  horirontal  axis  is  (na)--a  real 

dimensionless  quantity  that  is  proportional  to  the  square  root  of  frequency. 

Only  the  ssTimctrical  plate  modes  (k  =  0)  contribute  to  transmissibility.  Whereas 

it  is  true  that  all  other  plate  modes  are  excited  by  the  noncentral  force,  the 

net  upward  and  downward  transmitted  forces  that  they  generate  at  the  clamped 

plate  boundary  cancel  one  another  exactly. 

The  transmissibility  curves  of  Figs.  2-4  (y  =  0.2,  0.5,  0.75)  e.xhibit  peak 

values  at  the  symmetrical  plate  resonances — the  extent  of  the  amplification 

depending  on  the  plate  damping,  the  largest  value  of  which  is  considered  as  a 

hypothetical  case  since  the  dyn;imic  Young's  and  shear  moduli  associated  with 

such  high  damping  would  not  be  constant,  as  assumed  here,  but  would  increase 
18 

with  frequency.  In  all  cases,  transmissibility  is  equal  to  unity  at  low 
frequencies,  as  should  be  expected.  Also  as  expected,  the  appearance  of  the 
transmissibility  curves  when  y  =  0.2  (Fig.  2)  resembles  those  obtained  pre- 
viously  for  a  centrally  driven  clamped  plate.  In  Fig.  5,  where  y  =  0.379, 
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the  second  plate  resonance  is  not  excited  because  the  impressed  force  then 
lies  on  a  nodal  circle  of  the  mode;  rather,  in  its  place  a  broad  region  of 
attenuation  where  T  <  1.0  is  introduced  *'etween  bounds  that  differ  in  fre¬ 
quency  by  an  approximate  factor  of  4.5.  Again,  in  Fig.  6,  when  p  =  0.2548, 
the  third  plate  resonance  is  rot  excited  because  the  impressed  coincides 

with  a  nodal  circle  of  the  mode;  rather,  in  its  place  is  a  broad  region  of 
attenuation  that  extends  between  bounds  that  differ  in  frequency  by  an 
approximate  factor  of  2.7. 

Should  the  plate  be  driven  by  two  vibratory  forces  of  like  magnitude 
and  phase  at  two  arbitrary  points,  radii  p^a  and  p^a,  then  the  resultant 
force  transmissibility  is  obtained  by  writing  the  transmissibility  for  a 
single  force  in  the  form 

T=l(a  +  jb)^'l  ;  (29) 

so  that,  for  the  dual-force  excitation,  transmissibility  is  given  simply  by 
the  equation 


1.2 


=  Js 


l(a  +  jb)  +  (a  +  jb)  ] 

Ml  P2 


(30) 


Representative  calculations  of  transmissibility  ^  for  dual-force  ex¬ 
citation  with  the  point  forces  applied  at  the  pairs  of  radii  0.2944a,  0.490a, 
and  0.2547a,  0.583a,  are  shown  in  Figs.  7  and  8,  respectively.  These  locations 
were  chosen  judiciously  to  eliminate  evidence  of  the  second  and  third  plate 
resonances.  Rather,  in  their  place,  regions  of  attenuation  have  been  introduced 
between  bounds  that  differ  in  frequency  by  the  approximate  factors  of  5.0 
(Fig.  7)  and  4.0--or,  discounting  the  single  peak  where  na  =  6,3  (Fig.  8)  by 
a  factor  of  10.5.  In  these,  and  in  all  subsequent  calculations,  values  of  k 
in  the  range  of  at  least  1-15  were  considered. 
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III.  nRlVlNlM’OlNT  IMl'tPANCr.  AT  AKIUTUAKY  I.OCAITON  ON  I’lAli; 

The  driving-point  impovlaiico  of  the  pinto  at  tlio  arl'itrary  rndiir. 
r  »  pa,  when  normal  i:od  In  division  by  the  impodanvo  of  a  Inmi'i'd  mass  oipial 
to  the  plate  mass  M^,,  can  he  written  as 


=  -  i/im:N.i 


where 


inr.N.) 


Y 


li\  1'a\.  1.3Z1.  ‘  jliven  hv  the  e»piat  ion 


-al  Y,  -oY  tl.T,  -T  ^\\^  K  1,11  •1.1,  K.l,  1  .1  1  ilK 

^  Ui  U  U  VI  Ul  VI  VI  III  VI  Ivi  VI  H  H  H  *  I  VI  1  I  VI  II  '  I 

♦  ’  '1  1  11  .'-(Yl  ♦IY,1*.1  1  I.IY,  ^.1  I*.!  \  vl.l  ,*.11,11 

n  Ul  VI  Ul  VI  VI  Ul  VI  VI  VI  Ul  VI  VI  ’  1  vi  vi  i  i  vi  n  '  i 

♦  (l>{',Y  -oY  l  1-iY,  -TY  U>^  1,  -I  >  1  1  l.u'llvl  ♦u,1-.l  K  (.1 1  ,  ♦  1.1 , 1 -.1  1  (.IK,  K.l ,  1  I 

II  Ul  II  Ul  II  VI  Ul  11  n  II  Ul  II  nil  ii  p  i  i  p  p  i  i 

♦  UK,  -T  K  l-l.l,  -T  .1  U>^  K,  *,K  lll.l  1  (Yl,  ♦n'UY  I  (.11, *1.1,1 

H  Ul  P  Ul  P  P  Ul  P  P  VI  Ul  H  P  II  I  I  VI  U  '  ' 

-1‘  l-Ui-Y.ljll)  eos  KO  .  (.VM 


I! 
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*  « 

The  par;unotcr  is  given  by  lli\.  (22),  5^  is  given  by  Fq.  (33)  in  which 

*  * 

such  terms  as  anJ  represent  inj>  a)  and  Yj,(pn  al  arc  replaced  Iw 

*  *  *  * 

Y.(un  a)  ;md  Y  Ipn  a),  and  such  terras  as  .1,1  reprosentins  (n  a),  I,.  ,.(n  a) 

A  O  i  KiK'^1} 

♦  ♦  ♦ 

are  replaced  by  >1^(11  a),  lj(n  al .  Ajjain,  is  Riven  by  Hq.  (221  in  wliicb  such 

♦  « 

terms  as  Y^^^  and  Y^^^^  now  liecomo  Y^|,^j.jlVin  a)  and  .il  so  that,  l'(»r  exanijile. 

the  first  term  of  liq.  (221  should  read  ;is  follows: 


fY  -  T  Y  1  *  f.l  I  ♦  I  .)  1  * 

^  (kMlu  u  ku  in  ar  k  (k+n  k  ik^lV  in  al 


{K,  li.J,.  ,,  -T  .1,  !(>}'  I,.  -I'l,  l-CU,  ,,  I,  li>^.l,,  ,,  -.vl,  11 

ku  ik*-lUi  p  ku  U  ik  +  llu  ku  (k+Uvi  U  kvi  p  ik+Hvi  k\i 


♦  -’i  [('.*'  Ui,,  T,  -T  K.  1(4>  1, .  -rl.  11 

kvi  ik^llu  ku  ik+Hvi  u  ku  ik*-llu  U  ku  U  ik  +  llu  kp 


I,  [(',*'  k,.  ,,  +f:k,  1(.I.  -T  .1.  1-tk,.  ,,  -T  K,  -0.1.  Ill,  *  ,  .  (.1-11 

k\i  u  ik  +  llvi  ku  ik  +  11u  U  ku  ik+Hu  U  kvi  ^p  ik+U\i  kvi  in  al 


Here,  as  before,  the  terms  a,  and  i:  arc  Riven  by  Fqs.  (211-i2’l. 

Representative  calculations  of  |z^^/iiaPj,|  are  iilotted  in  l-iRS.  ;>-ll  for 
values  of  p  =  0.2.  0.5,  and  0.75.  v  =  1/5.  and  d,.  -  A.  =  O.Ol,  O.l,  and  1.0. 

I*  ll 

Kvidcnce  is  now  seen  of  every  mode  of  plate  vibrat ion--both  symmetrical  and 
nonsymmet rica 1 .  At  low  frequencies,  the  plate  impedance  is  very  larRC  and 

sprinRl  ike--so  that  the  normalised  imin'dance  iliminishes  inversely  in  propi>r-  ’  > 

1 

tion  to  0)“’.  The  impcvlatice  altern.itely  exhiliits  minima  (plate  resonancesl 
and  maxima  (plate  ant i resonancesl  that  lie  almost  sNinmet rica I ly  about  the 
heavily  dampeii  imped.ince  curve  for  which  =  5^.  =  l.O. 
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IV.  VIBRATION  OF  THE  MASS- LOADED  PUTE 


The  driving-point  impedance  and  the  force  transmissibility  T^  of 
the  plate  of  Fig.  1  when  it  is  loaded  by  a  mass  M  at  the  point  of  application 
of  the  noncentral  force  follow  directly  from  the  foregoing  results.  Thus, 
since  there  must  be  continuity  of  motion  between  M  and  the  plate,  it  follows 
that,  if  the  loading  mass  is  y  times  greater  than  the  plate  mass  Mp, 


Z 

pm 


jujM  + 


Z 

P 


or 


Z  Z 

pm  .  p 

joiMp  ■  ^  joWp 


(35) 


(36) 


and 


T  =  T 
pm  p 

Calculations  of  T  for  a  value  of  y  =  1.0,  v  =  1/3,  and  p  =  0.2,  0.5 
pm  I  .  /  .  H  . 

and  0.75,  are  plotted  in  Figs.  12-14  for  values  of  6,.  =  6^  =  0.01,  0.1,  and 

C  b 

1.0.  Now,  because  the  nons>'mmetric  plate  modes  are  e.xcited  due  to  the  presence 

of  the  noncentral  mass  loading,  essentially  twice  the  number  of  resonancc.s  arc 

excited  tha!i  before  (Figs.  2-4). 

Companion  plots  of  the  normalized  driving-point  impedance  1 

presented  in  Figs.  15-17.  Again,  essentially  twice  •the  number  of  resonances 

(minima  of  impedance,  maxima  of  transmissibility)  are  observed.  Notice  how, 

in  all  these  figures  (Figs.  12-17),  the  plate  resonances  are  shifted  to  lower 

frequencies  by  the  mass  loading  (such  a  shift  is  always  observed  when  a 

18  20 

structure  is  mass  loaded  );  and  how,  at  low  frequencies,  the  plate  impedance 

i 


y  +  (Z^/ju)Mp) 


(37) 
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remains  springlike  in  character.  Also  notice  that  the  normalized  impedances 
of  the  plate  at  higher  frequencies  exhibit  only  limited  f luctu.ations  about 
the  value  unity;  this  is  to  say,  the  impressed  force  is  primarily  presented 
with  the  impedance  of  the  loading  mass--the  impedance  of  the  plate  being 
negligible  by  comparison. 


V.  VIBR/UrON  OF  A  PL»\TE  DRIVEN  OFF  CENTER  AT  A  POINT 
TO  MUCH  A  DYNAMIC  VIBRATION  ABSORBER  IS  ATTACHED 

In  this  situation,  the  force  transmissibi lity  T  to  the  plate  boundary 
can  be  written  as 


T 

a 


T 

D 


(Z^yjuiMp) 


(38) 


where  T^  and  (Z^^/j(aMp)  are  the  force  transmissibility  and  the  normalized 
driving-point  impedance  of  the  plate  at  the  driving  point  located  at  the 
arbitrary  distance  pa  from  the  plate  center.  Hie  complex  pariuneter  4'*  is 
given  by  the  relatively  simple  equation 


* 


11  -  (li>  /m  •  Ijlui  A.  11!  .5,,  I 
'm  a  m  m  a  raR 


(39) 


where 


''a  ■  "a/"r 


(401 


and 
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Here,  is  the  absorber  mass  and  is  the  fund;unental  plate  frequency  to 

which,  in  this  instance,  but  not  necessarily,  the  absorber  is  tuned.  (For 

example,  if  the  absorber  is  tuned  to  the  second  or  third  plate  resonance, 

Eq.  (41)  would  remain  relevant  but  the  number  (3.1962)  would  be  replaced 

by  the  numbers  (6.3064)  or  (9.4395).]  Tl\e  quantities  (ui^/u)^)  ^  and  5^^  are 

design  parameters  of  the  dynamic  absorber  and  they  must  be  chosen  carefully 

if  the  full  potential  of  the  absorber  is  to  be  realized.  For  ex;imple,  if 

U  is  small  and  if  the  mass  ratio  y  =  0.1  or  0.25,  then  (ui  /lo  )  =  0.698, 

a  ^  a  m 

21 

6  =  0.408,  or  (to  /o)  )  =  0.465,  5  =  0.549,  respectively."  These  values 

K  ni  K 

yield  near-optimum  conditions  for  which  the  two  maxima  in  the  transmissihility 
curve  take  essentially  equal  values  a  little  to  each  side  of  the  fundamental 
plate  resonance.  They  assume  that  the  plate  damping  factors  6,,  =  6,.  =  0.01, 

b  Cl 

a  value  that  is  adopted  for  the  remainder  of  this  section. 

Representative  calculations  of  the  transmissihility  T^  are  plotted  in 

Figs.  18  and  19  for  a  value  of  p  =  0.2  and  for  pairs  of  values  of  (w  /a*  ) 

‘  'am 

and  6  that  differ  slightly  from  those  previously  specified;  namely, 

K 

((i)  /u)  )  =  0.698,  6_  =  0.462,  and  (ut  /u\  )  =  0.493,  =  0.546,  respectively. 

The  absorbers  of  Figs.  18  and  19  are  seen  to  be  most  effective  in  suppressing 
the  plate  resonance  to  which  they  arc  tuned;  tliey  also  suppress,  to  some 
extent,  the  higher  plate  rcsonances--part icularly  the  heavier  absorber,  which 
has  the  larger  damping  ratio.  Thus,  at  frequencies  above  the  absorber 
resonance,  the  absorber  mass  becomes  an  almost  stationary  point  from  which 
the  absorber  dashpot  is  able  to  restrain  the  resonant  plate  motion,  and  the 
force  transmissihility  across  the  plate,  at  higher  frequencies.  Companion 
curves  for  the  dynamic  absorbers  (mass  ratios  y,  =0.1  and  0.25)  located  at 

ftl 
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the  radial  distance  0.75a  from  the  plate  center,  for  whicli  the  plate  impedance 
is  approximately  30  times  greater  than  at  the  radial  distance  0.2a,  are  plotted 
in  figs.  20  and  21,  respectively.  Because  of  the  larger  value  of  the  plate 
impedance,  to  attain  equal  peak  heiglits  near  the  fundamental  plate  resonance 
proved  more  difficult  than  usual.  Other  values  of  the  optimum  tuning  and 
damping  ratios  and  the  companion  values  of  maximum  transmi ss ibi 1 ity  at  the 
fundamental  plate  resonance  are  plotted  in  Fig.  22  as  a  function  of  the  para¬ 
meter  p. 

Should  the  plate  be  mass  loaded  at  the  point  of  attachment  of  the  dynamic 
absorber,  then  the  force  transmissibi 1 ity  T  to  the  plate  boundary  can  readily 
be  stated  from  inspection  of  liq.  (38)  as 


T  =  T 
ma  pm 


_ _ 


where  j(aq|,)  .uul  are  the  normalised  driving-point  impedance  and  force 

transmissibi  1  ity  of  the  mass-loaded  plate  [I'.qs.  (3b)  and  (37)]  at  tlie 
arbitrary  driving  point  distance  pa  from  the  I'late  center.  In  tltis  situation, 
tlte  parameter  y  (factor  by  wluct\  the  loading  mass  exceeds  the  plate  mass)  is 

equated  to  1.0;  the  same  values  of  ((oyw^^^)  and  (parameters  that  appear  in 

♦ 

V  )  as  before  are  initially  chosen,  and  tlienchanges  are  made  in  their  values 

to  equalize  the  two  transmissibi 1 ity  maxima  because,  to  begin  with,  these 

maxima  will  only  I'e  approximately  etpial. 

Ueiiresentat  ive  calculations  of  T  are  plotted  in  Figs.  23  and  2-1  for 

values  of  >  =  1.0,  =  0.1;  aiul,  again,  values  of  p*  =  0.2  and  0.75.  Optimum 

values  of  (la  /(o  )  =  0.35(>,  =  0.119,  and  of  (ia  /(a  )  =  0.7(il,  6„  =  0.139, 

am  K  a  m  R 

respectively,  are  seen  to  provide  equ.il  suppression  of  the  transmissibi 1 ity 
peaks  at  the  fundamental  plate  resonance;  now,  however,  the  loading  mass 


causes  the  force  transmissibi lity  to  fall  off  nuite  rapiaiy  at  all  higher 
frequencies.  Again,  other  values  of  the  opt  inuim  tuning  aiul  liamping  ratios, 
anJ  the  companion  values  of  maximum  transmissibi 1 ity  are  plotteil  in  Tig.  'S 
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Fig.  1 


Fig.  2 


Fig.  3 


Fig.  ^ 


Fig.  5 


Fig.  6 


Fig.  7 


Fig.  8 


FIGURE  LEGENDS 


An  internally  damped  circular  plate  of  radius  a  that  is  clamped 
around  its  boimdary  and  driven  by  a  vibratory  force  at  an 
arbitrary  distance  ua  'm  the  plate  center. 


Force  transmissibil ity  to  the  boundary  of  the  plate 
plate  damping  factors  6  =  i5  =  0.01,  0.1,  and  1.0; 

b  vj 

u  =  0.2. 

Force  transmissibility  to  the  boundary  of  the  plate 
plate  damping  factors  ~  ~  0.0i>  0.1,  and  1.0; 

y  =■  0.5. 

Force  transmissibility  to  the  boundary  of  the  plate 
plate  damoing  factors  i5  =  5  =  O.OI,  0.1,  and  1.0; 

U  =  0.75. 


Force  transmissibility  to  the  boundary  of  the  plate 
plate  damping  factors  ~  "  0.01,  0.1,  and  1.0; 
y  =  0..379. 


Force  transmissibility  to  the  boundary  of  the  plate 
plate  damping  factors  6-  =  6,,  =  0.01,  0.1,  and  1.0; 
y  =  0.2548. 


of  Fig.  I; 
the  parameter 


of  Fig.  1; 
the  parameter 

of  Fig.  1; 
the  par;imeter 

of  Fig.  I; 
the  parameter 

of  Fig.  1; 
the  parameter 


Force  transmissibility  to  the  boundary  of  the  plate  of  Fig.  1  when 

the  plate  is  driven  simultaneously  by  dual  vibratory  forces  of 

equal  phase  and  magnitude;  plate  damping  factors  =  3,,  =  0.01, 

h  u 

0.1,  and  1.0;  the  par^imctcrs  y^^  =  0.2944a  and  y^  =  0.490a. 
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the  plate  is  driven  simultaneously  by  dual  vibratory  forces  of 
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FIGURE  LEGENDS  --  CONTINUED 

equal  phase  and  magnitude;  plate  damping  factors  6,,  =  6„  =  0.01, 

h  G 

0,1,  and  1.0;  the  parameters  =  0.2547a  and  p.,  =  0.58.^a. 

Fig.  9  Normalized  driving-point  impedance  of  the  plate  Fig.  1;  plate 

damping  factors  6^  =  6^  =  0.01,  0.1,  ;uid  1.0;  the  parameter  u  =  0.2. 

Fig.  10  Normalized  driving-point  impedance  of  the  plate  of  Fig.  1;  plate 

damping  factors  6^  =  6^  =  0.01,  0.1,  and  1.0;  the  parameter  u  =  0.5. 

Fig.  11  Normalized  driving-point  imped;ince  of  the  plate  of  Fig.  1;  plate 

damping  factors  5^  =  5^  =  0.01,  0.1,  and  1.0;  the  parameter  p  =  0.~5. 

Fig.  12  Force  transinissibi  lity  to  the  boundary  of  the  plate  of  Fig.  1  when 
the  plate  is  loaded  at  the  driving  point  by  a  lumped  mass  equal  to 

the  plate  mass  (y  =  l.Ol;  plate  damping  factors  =  8,  =  0.01,  0.1, 

L  (j 

and  1.0;  the  parameter  p  =  0.2. 

Fig.  15  Force  transmiss ibi 1 ity  to  the  boundary  of  the  plate  of  Fig.  1  when 

the  plate  is  loaded  at  the  driving  point  by  a  lumped  mass  equal  to 

the  plate  mass  (.y  =  l.OV,  plate  damping  factors  5,,  =  iS,,  =  0.01,  0.1, 

L  U 

and  1.0;  the  par;imeter  p  =  0.5. 

Fig.  14  Force  transmissibility  to  the  boundary  of  the  plate  of  Fig.  1  when 
the  plate  is  loaded  at  the  driving  point  by  a  lumped  mass  equal  to 
the  plate  mass  (y  =  l.Ol;  plate  damping  factors  6=6,=  0.01,  0.1, 

E  (j 

and  1.0;  the  parameter  u  =  0.75. 

Fig.  15  Normalized  driving-point  impedcuice  of  the  pjate  of  Fig,  1  when  the 

plate  is  loaded  at  the  driving  point  by  a  lumped  mass  equal  to  the 

plate  mass  (y  =  1.0);  plate  damping  factors  6„  =  6,  =  0.01,  0.1,  and 

h  G 

1.0;  the  parameter  p  =  0.2, 
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Fig.  16  Normalized  driving-poi^.c  impedance  of  the  plate  of  Fig.  1  when  the 
plate  is  loaded  at  the  driving  point  by  a  lumped  mass  equal  to  the 
plate  mass  (Y  =  1-0);  plate  damping  factors  5=6=  0.01,  0.1, 

C  (j 

and  1.0;  the  parameter  u  =  0.5. 

Fig.  17  Normalized  driving-point  impedance  of  the  plate  of  Fig.  1  when  the 
plate  is  loaded  at  the  driving  point  by  a  lumped  mass  equal  to  the 
plate  mass  (y  =  1.0);  plate  damping  factors  6^  =  6^  =  0.01,  0.1,  and 
1.0;  the  parameter  p  =  0.75. 

Fig.  18  Force  transmissibility  to  the  boundary  of  the  plate  of  Fig.  1  when 

a  dynamic  vibration  absorber  is  attached  to  the  plate  at  the 

arbitrary  driving  point.  Mass  ratio  y  =  0.1;  optimum  tuning  and 

damping  ratios  (uj  /w  )  =  0.69S,  6  =  0.a6>2;  fh»»  parameter  p  =  0.2; 

3  in  K 

the  plate  d.amping  factors  "  0.01. 

Fig.  19  Force  transmissibility  to  the  boundary  of  the  plate  of  Fig.  1  when 

a  dviaamic  vibration  absorber  is  attached  to  the  plate  at  the 

arbitrary  driving  point.  Mass  ratio  y  =0.25;  optimum  tuning  and 

damping  ratios  (to  /u  )  =  0.49.3,  5  =  0.546.  The  parameter  p  =  0.2; 

3  in  K 

the  plate  damping  factors  “  0.01. 

Fig.  20  Force  transmissibility  to  the  boundary  of  the  plate  of  Fig.  1  when 
a  dynamic  vibration  absorber  is  attached  to  the  plate  at  the 
arbitrary  driving  point.  Mass  ratio  y  =  0.1;  optimum  tuning  and 

3 

damping  ratios  (to^/u)^)  =  0.9S0,  5j^  =  0.089.  The  parameter  p  =  0.75; 
the  plate  d.amping  factors  5^  =  5^  =  0.01. 

Fig.  21  Force  transmissibility  to  the  boundary  of  the  plate  of  Fig.  1  when 
a  dynamic  vibration  absorber  is  attached  to  the  plate  at  the 
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arbitrary  driving  point.  Mass  ratio  y  =  0.25;  optimum  tuning  and 
damping  ratios  =  0.950,  6^^  =  0.182.  The  parameter  p  =  0.75; 

the  plate  dampirg  factors  0.01. 

Fig.  22  Optimum  values  of  the  tuning  and  damping  ratios 

the  companion  values  of  the  maximum  transmissibility  T  at  the 
fundamental  plate  resonance  plotted  as  a  function  of  the  parameter  p; 
the  plate  damping  factors  15^=  <5^  =  0.01.  For  the  dashed-  and 
solid-line  curves,  the  mass  ratio  y  =0.1  and  0.25,  respectively. 

Fig.  23  Force  transmissibility  to  the  boundary  of  the  plate  of  Fig.  1  when 

both  a  lumped  mass  and  a  dynamic  vibration  absorber  are  attached  to 

the  plate  at  the  arbitrary  driving  point.  Mass  ratios  y  =  1.0, 

=  0.1;  optimum  tuning  and  damping  ratios  =  0.356, 

6n  =  0.119.  The  parameter  p  =  0.2;  the  plate  damping  factors 
K 

5^  =  6_  =  0.01. 

E  G 

Fig.  24  Force  transmissibility  to  the  boundary  of  the  plate  of  Fig.  1  when 

both  a  lumped  mass  and  a  dynamic  vibration  absorber  are  attached 

to  the  plate  at  the  arbitrary  driving  point.  Mass  ratios  y  =  1.0, 

y  =0.1;  optimum  tuning  and  damping  ratios  (u)  /to  )  =  0.761, 
d  Q  m 

6_  =  0.139.  Tlie  parameter  p  =  0.75;  the  plate  damping  factors 
K 

5_  =  6„  =  0.01. 

E  G 

Fig.  25  Optimum  values  of  the  tuning  and  damping  ratios  and  and 

the  companion  values  of  the  maximum  transmiljsibil ity  T  at  the 

max 

fundamental  plate  resonance  plotted  as  a  function  of  the  parameter  p; 
the  plate  damping  factors  “  0.01.  For  the  dashed-  and  solid- 

line  curves,  the  mass  ratio  y  =0.1  and  0.25,  respectively.  For  both 
curves,  the  mass  ratio  y  =  1.0. 
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